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Abstract 

This paper is concerned with the inflow problem for the one-dimensional compressible Navier- 
Stokes equations. For such a problem, F. M. Huang, A. Matsumura and X. D. Shi showed in [3] that 
there exists viscous shock wave solution to the inflow problem and both the boundary layer solution, 
the viscous shock wave, and their superposition are time-asymptotically nonlinear stable under small 
initial perturbation. The main purpose of this paper is to show that similar stability results still hold 
for a class of large initial perturbation which can allow the initial density to have large oscillations. 
The proofs are given by an elementary energy method and the key point is to deduce the desired 
uniform positive lower and upper bounds on the density. 

Keywords: Compressible Navier-Stokes equations; Inflow problem; Viscous shock wave; Large den¬ 
sity oscillations. 
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1 Introduction 

1.1 The inflow problem 

This paper is concerned with the large time behaviors of solutions to the inflow problem for one¬ 
dimensional compressible Navier-Stokes equations in the Eulerian coordinates 


Pr + {pu)i = 0 , 

{pu)r + {pv? +p)i= pui 


( 1 . 1 ) 


on the half line K+ = [0, -l-oo) with prescribed initial and boundary conditions 


(p(r,i),M(r,i)) |j=o = {p-,U-), 

{p{t, i), M(r, x)) 1^=0 = (Po (i), Mq (£)) 


(P+,^+)^ 


u- > 0, p- > 0, T > 0, 

as 0 < a; —>■ -l-oo, 


( 1 . 2 ) 


which are assumed to satisfy the compatibility condition 

Po(0)=P-, Mo(0)=u-. 

Here x and r represent the Eulerian space variable and the time variable, respectively, p(t,x)(> 0), 
u(t,x), and p = p{p) = p^ with 7 > 1 being the adiabatic exponent are, respectively, the density, the 
velocity, and the pressure, while the viscosity coefficient p{> 0), p±(> 0), and u± are constants. 

For such an initial boundary problem, as classified in the assumption that the boundary velocity 
M_ > 0 implies that the fluid with the density p_ flow into the region K_|_ through the boundary x = 


0, and thus the problem (1.1) is called the inflow problem. The cases u_ = 0 and U- < 0, where 


the condition = P- is removed, are called impermeable wall problem and the outflow problem, 

respectively. Throughout this manuscript, we will concerned with the inflow problem (1.1). For the 


corresponding impermeable wall problem and outflow problem, those interested are referred to nms] 
and HEiiHiiaiiniiiaiiniiiz] and the references cited therein, respectively. 


1.2 The classifications of the large behaviors 

To explain the main purpose of this manuscript, we first reformulate the initial-boundary value prob¬ 
lem (1.1)-(1.2) as in m- Let X be the Lagrangian space variable, t be the time variable, and v = ^ 
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denote the specific volume, we can then transform the initial-boundary value problem (1.11-( 1.21 into the 
following problem in the Lagrangian coordinates: 


'vt-u^ = 0, 
ut+piv)^ = p , 

{v{t,x),u{t,x))\t=o = {vo{x),uo{x)) 


X > S-t, t > 0, 
X > S-t, t > 0, 

U- > 0 , 

(v+,u+), as 0 < X 


+ 00, 


where 


p(v) = 


v± = — > 0, 
P± 


s_ = < 0. 

V- 


The characteristic speeds of the corresponding hyperbolic system of (1.3) are 

Xl{v) = -\/-p'(u), A 2 (u) = ^/-p'{v), 

respectively and the sound speed c(v) is defined by 

c(v) = v\/—p'(v) = . 

By comparing the fluid velocity |it| with the sound speed c(v), one can divide the phase space 1 
into three regions: 


(1.3) 


(1.4) 


(1.5) 


( 1 . 6 ) 


f^sub 

p 

trans 

flsimpr 


= {(x,u) 

= {(v,u) 

= {(v,u); |u| > c(v),v > 0, u > 0} 


u\ < c(u), u > 0, u > 0} , 
u\ = c(v), V > 0,u > 0} . 


which are called the subsonic, transonic and supersonic regions, respectively. 

It is now well-understood that the large time behaviors of global solutions to the Cauchy problem of the 
one-dimensional compressible Navier-Stokes equations (1.1) can be described by the f—rarefaction wave 
[x/t\ wi,Wr), Uf^{x/t, wi,Wr)) (* = 1, 2) which is the unique rarefaction wave solution of the Rie- 
mann problem of the resulting Euler equations connecting the two states wi = {vi,ui) and Wr = {vr,Ur), 
the suitably shifted i—viscous shockwave {V^^^{x — Sit + ai\wi,Wr),U^^"^{x — Sit + ai-,'Wi,Wr)) (i = 1,2) 
connecting wi and Wr and their superpositions (For some progress on the mathematical justifications of 
such an expectation, see [11] [Ml [151 [HI [26] and the references cited therein.) Here the i—viscous shock 
wave {i = 1,2) is a traveling wave solution of the one-dimensional 

compressible Navier-Stokes equations connecting wi and Wr which solves 


= -Si - Vl) , 


Sill 


dVX 


(i-,Wl,Wr) 


= -sf - Vl) - (p(vy'^(^;wi,?i>^)) - pM) 


V)^^'^{-O0;Wl,Wr) = Vl, V^^'^{+O0-Wl,Wr) = Vr 


(1.7) 


where 


Si = Si{vi,Vr) = (-1)* 


lp{Vr) -Pivi) 

Vl - Vr 


1 = 1 , 2 , 


and the entropy condition 


Ur < Ul 


( 1 . 8 ) 

(1.9) 


is assumed to be hold. 

But for the initial-boundary value problem (1.3), as pointed out in the problem becomes com¬ 
plicated and to describe its large time behaviors, a new kind of nonlinear wave, the so-called bound¬ 
ary layer solution, or BL-solution simply in the rest of this manuscript, should be introduced which 
is due to the presence of the boundary. In fact, as shown in |3], when (w_,m_) G Itsuh, since the 
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first wave speed Ai(r;_) is less than the boundary speed s_, there exists a BL-solution {V^^{x — 
S-t; w-,w+), S-t; w-,w+)) of the one-dimensional compressible Navier-Stokes equations (1.3 ti¬ 

ll. 8)2 connecting w- = (u_,m_) € BL(u_,rt_) and some w+ = (u+,u+) G BL(v-, U-). Here 

u u_ 




V- 

jBLl 


BL(u_ , U— ) — ^ ^ llsub 11 hTrans 

denotes the BL-solution line through (u_,m_) and {V^^{^;w-,w+),U^^{^-,'W-,w+)) satisfy 




rc_, w+) = w_, H®^(-|-oo; z(;_, rt;+) = u+j 

On the other hand, since 0 > Ai(z;) > s_ in Hguper, the two characteristic fields are away from the 
moving boundary and hence the large time behaviors of solutions are expected to be the same as those 
for the Cauchy problem. Moreover, setting 


classified all possible large 


bTrans C BL(i;_,M_) = {(■U*,M*)} 

and noticing that c'(u*) > —A 2 (r’*) holds for 1 < 7 < 3, A. Matsumura 
time behaviors of the solutions of the initial-boundary value problem ( 1 . 1 )-( 1.21 in terms of the boundary 
values (u_,M_) and the far field (u+,u+) of the initial data (uo(a;), uo(a;)) and it was shown in [ 12 ] that 
the large time behaviors to be expected divide the (u,m)— space as in Figure 1 which is taken from m- 
Here, 

BL+(u_,M_) = {(?;, u) G BL(u_,M_) : v- < v < u*} , 

BL_(u_, M_) = {('u, u) G BL(r)_, M_) : 0 < u < u_} , 

Ri(u*, M*) = |(u, u) : u = — y Ai(s)(is, u > u*I , 

R2(u*,m*) = |(u,u) : u = M* — y A2(s)ds, v < | , 

S2{V-,U-) = {(«,«): u = u- — S2{v-,v){v — V-), V > V-}, 

S2(u*,= {(z;, u) : u = u^, — S2{v^,,v){v — u*), v > u*}, 


where S 2 {a,b) is defined by ( 1 . 8 ). 
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1.3 Former results on the mathematical justification of the expected large 
time behaviors and the main purpose of this manuscript 


For the mathematical justification of the above expected large time behaviors of the global solutions 
to the inflow problem (1.3) classified in [T^], there are some pregoess which can be outlined as in the 
following: 


• A. Matsumura and K. Nishihara m established the asymptotic stability of the BL-solution and the 
superposition of a BL-solution and a rarefaction wave for the inflow problem when (u_, u_) S 
risub, G BL(u_, u_) U BLR 2 (u_, u_) or S BL(u_, u_), (u+, u+) G RiR 2 (u*,u*). 

X. D. Shi [23] studied the rarefaction wave case when (■(;_,«_) G flguper, (u+, u+) G i^super and 
(u+,M+) G RiR2(u_,u_); 


• For the result concerning the viscous shock wave for the inflow problem (1.3), F. M. Huang, A. 
Matsumura and X. D. Shi showed in |3] that the viscous shock wave and the superposition of 
a BL-solution and a viscous shock wave for the inflow problem (1.3) are nonlinear stable when 
(u_,u_) G Hsub, G S2(u_,u_) U BLS2(u_,m_). 


It is worth to pointing out that all the above nonlinear stability results ask that the initial perturba¬ 
tions are sufficiently small and strengths of some types of involving nonlinear waves such as the monotonic 
decreasing BL-solution, the rarefaction wave are assumed to be sufficiently small, while the strength of the 
monotonic increasing BL-solution is not necessarily weak and for the cases when the viscous shock wave 
{^^wi^Wr) connecting the states wi = {vi,ui) and Wr = {vr,Ur) is involved, its strength \vr — vi\ is 
assumed to satisfy the following Nishida-Smoller type condition: 


(7 - lY{vr - vi) < 2'yvi. 


( 1 . 10 ) 


Thus a natural question is: Do similar nonlinear stability results hold for large initial perturbations? 

For Cauchy problem of the one-dimensional compressible Navier-Stokes equations (1.3)i-( 1.3) 2 , the 
main difficulty lies in how to control the possible growth of its solutions induced by the nonlinearity of 
equations under consideration and key point is to deduce the desired uniform positive lower and upper 
bounds on the specific volume v(t,x). For results in this direction for the case of the Cauchy problem, it 
is shown in [DIISKISI that the rarefaction wave is nonlinear stable for any large initial perturbation and 
the nonlinear stability of viscous shock wave for a class of large initial perturbation which can allow the 
initial density to have large oscillations is obtained in [25] . 

For the inflow problem (1.3), in addition to the difficulty mentioned above, another difficulty is how 
to bound the boundary term induced by the inflow boundary condition ( 1 . 3 ) 3 . To overcome such a new 
difficulty, an argument which is based on Y. Kanel’s method [^ is introduced in [S] for the case when 
its large time behavior is described by the BL-solution, the rarefaction wave, and the superposition of a 
BL-solution and rarefaction waves to yield the nonlinear stability of these elementary waves for a class 
of large initial perturbation which can allow the initial specific volume Vo(x) to have large oscillations. 
Moreover it is also shown in [^ that the supersonic rarefaction wave is nonlinear stable for general large 
initial perturbation. Thus the results obtained in [S] generalize the nonlinear stability results obtained in 
m and [Mj under small initial perturbations to the case of a class of large initial perturbations. Even 
so, no result has been obtained for the nonlinear stability of the viscous shock wave and the superposition 
of a BL-solution and a viscous shock wave under large initial perturbation and the main purpose of our 
present paper is to show that some nonlinear stability results similar to those obtained in [3] still hold 
for a class of large initial perturbation which can allow the initial density to have large oscillations. 

To simplify the presentation, we will only concentrate on the case when (u_,u_) G Dgub, G 

S 2 (u_, U-) in the rest of this paper. In fact by combining the argument used in this paper with those em¬ 
ployed in [S], similar result can also be obtained for the case of (u_, u_) G Hgub) u+) € BLS 2 (u_, it_). 


1.4 Notations 

Throughout this paper, S := |u+ — 1 >_| denotes the strength of the 2—viscous shock wave and a positive 
constant C is said to be 5—independnet means that there exists a positive constant Ci > 1 which does not 
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depend on 6 such that < C < Ci, c, C and 0(1) represent some 5—independnet positive constant 
(generally large), e, A stand for some <5—independent positive constants (generally small), and C(-,-) 
denotes for some generic positive constant depending only on the quantities listed in the parenthesis. 
Notice that all the constants c, O, C(-, ■), e, and A may take different values in different places. 

A < B means that there is a generic (5—independent constant O > 0 such that A < CB and A ^ B 
means A< B and B < A. A> B can defined similarly. 

For function spaces, LP(M+)(1 < p < oo) denotes the usual Lebesgue space on IR+ with norm H-Ulp 
and for k G Z+, iJ*^(IR+) represents the usual Sobolev space with the standard norm || • |jfc. It is easy to 
see that || • ||o = || • ||l 2 and to simplify the notation, we set || • || ;= || • ||o = || • \\l^ in the rest of this paper. 

Finally, We denote by the space of fc-times continuously differentiable functions on the 

interval I with values in ) and HP) the space of L^-functions on I with values in iJ^’(M+). 


2 Preliminaries and main result 

To make the presentation easy to read, we divide this section into several subsections and the first 
one is on the properties of the viscous shock wave. 


2.1 Properties of the viscous shock wave 

In this subsection, we first recall some properties of the viscous shock wave. As already pointed out 
in the first section, we will only consider the 2—viscous shock wave (IZ 2 ^^'^( 2 ; ~ S 2 t',W-,w+),UY^^{x — 
st;w-,w+)) connecting the states W- = (v-,U-) and = (?;+,«+). To simplify the notations, we will 
SGt 

(V(0,U(0) = (V,^^^(e,w.,w+),U^^^(e,w.,w+)) 

and use s to denote S 2 (v-,V-t.) in the rest of this paper. Consequently, we can deduce from (1.7), (1.8), 
(1.9) that (y{^),U{^)) solves 

f[/(e)-u± = -s(H(^)-z;±), 

^ = -,2 (y -v^)-{p (ViO) - p{v±)) 

■■=hiV{0), 

V{—oo)=V-, 17(+oo)=u+, 


( 2 . 1 ) 


where (z)_,m_), (z)+,u+) and s are assumed to satisfied the Rankine-Hugoniot condition 

{ «('(;+ — V-) = U- — u+, 
s{u+ - U-) = p{v+) - p{v-) 

and the entropy condition 

u+ < U-. 

Recall that S := |u+ — ri-l denotes the strength of the 2—viscous shock wave {V{^),U{^)), we have 
the following result on the 2—viscous shock wave {V{^),U{^)): 

Proposition 2.1. (cf. For any {v+,u+), {v-,U-),s > 0 satisfying v+ > V- > 0, the Rankine- 

Hugoniot condition (|2.2[), and the entropy condition (2.3), there exists a unique viscous shock wave 


( 2 . 2 ) 


(2.3) 


(R(^, C/(^))(^ = X — st) up to a shift, which connects {v+,u+), (u_,u_) and satisfies 

0 < V- < H(^) < v+, u+ <U{f) <U-, 

dviO ^ viOHv iO) 

d^ sp 


HViO) > 0 , 


> 0 , 


(h(0 - V±, U{0 - «±) I < 0(l)5e-'=±l«l, 
fdviO duio d^vif) d^uiO 


\ d^ ’ df 


de 


de 


< 0(l)5^e-^±l«l. 


(2.4) 
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Here c± = 

^ S/J, 


> 0 . 


Moreover, if and are assumed to he independent of S, one can further deduce that the positive 
constant 0(1) in (2.4) depends only on v± but independent of S and c± = 0(1)6 for some 6—independent 
positive constant 0(1) which depends only on v±. 

The proof of the above proposition is almost the same as the one given in |3], what we want to 
emphasize here is that although we ask 6, the strength of the viscous shock wave iV{f),U{^)), to be 
small, since are assumed to be independent of (5, one can easily verify that the positive constant 


0(1) appearing in (2.4) depends only on v± but is independent of 6. Moreover, it is easy to verify that 


c± = 0(1)6 for some i5—independent positive constant 0(1) by the Taylor formula. We thus omit the 
details for brevity. 

2.2 Main result 

Similar to that of [3], we now make the following transformation 

t = t, £, = X — S-t 


to transform the original problem (1.3) to the following initial-boundary value problem 


' Vt — S-V^ — = 0, f > 0, t > 0, 

ut - s-u^+p(v)^ = fi , f>0,t>0, 

(v(t,f),u(t,f))\^=o = (v-,u-), t > 0 , 

.(v(t,f),u(t,f))\t=o = (vo(f),uo(f)) (v+,u+), asO<f^ -boo. 


(2.5) 


Since we will only consider the case (u_,u._) G ^suh, (v+,u+) G S 2 (u_,u_), as classified in [12], the 
large time behavior of the solution to ( |2.5| ) is expected to be the suitably shifted 2—viscous shock wave 
(V(^ — (s — S-)t + a — fi), U(^ — (s — S-)t + a) — ft) for some suitably chosen constant fi > 0. Here the 
shift a is defined as in m- 


a = 




~ ~ /3) - , (2. 


6 ) 


where /I > 0 is a suitably chosen constant whose precise range will be specified later. What we want to 
emphasize here is that the introduction of such a parameter fi is motivated by |13j and the main purpose 


is to use it to control the boundary terms induced by the inflow boundary condition (2.5)3 suitably. 
By choosing the shift tr as above, we can put 


which means 


/ OO 

[v(t,y) -V(y- (s- s-)t + a- I3)]dy, 

/ OO 

[u(t, y) - U(y - (s - s-)t + a - l3)]dy, 


^(t, 0 = (/>{(t, f) + V(f, - (s - s_)t + a - fi), 
u(tA) = + U(f-(s- s-)t + a- P), 


(2.7) 


( 2 . 8 ) 


and consequently the problem (2.5) can be reformulated as 


'(ft - s-(f^ - V'5 = 0, ^ > 0, f > 0, 

^ft - s--if^ + p(V + (f^) - p(V) = fi ( ~ C ^ 

(f>(t,f),'>f(t,0)h=o = (<fo(0,'>/’o(0) ^ (0,0), as 0<^^--boo, 

nOO 

(f(t,f)\^=o = Aft) ■=-{s - S-) [V(-(s - s_)t + a - P)-v_]dT, t>Q. 

Jt 

Now we turn to state our main result. Firstly, assume that 


(2.9) 
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(Hi) There exist (5—independent constants I > 0 and Co > 0 such that 

<vo{x) <Coil + S-^)-, ( 2 . 10 ) 

(H 2 ) {v-,U-) G Hsub) ('y+jU+) G S 2 (u_,tt_), V- and v+ are positive constants independent of <5; 

(H 3 ) The initial data (vo(x),uo(x)) are assumed to satisfy 

(1^0(6 -V(^ + a- l 3 ),uo {0 -U{i + a- /?)) G n L^iR+), ^ 

and the compatibility condition 


vo{ 0 ) = v-, uo(0 )=M_. (2-12) 

Under the above assumptions, we have 

Theorem 1. For any (u_,m_) G ^sub> G S 2 {v-,U-), 7 > 1, in addition to the assumptions 

(F[i)-(H^), we assume further that 


II(</'o,V'o)IIi<<5“, 

~ n_ - 


< + 

P = 0 ( 6 -^) 


(2.13) 


hold for some 5—independent constants Ci > 0, a > 0,/i > 0 and k > 0. If the positive parameters I, 
a, h and k are assumed to satisfy: 


' (7 + 2)1 < 1, (67 + 4)i < a < K, 


(2.14) 


O< 0 <min{ 4 (^jL^(c 


_ (7+111'l 7-1 7-1 

2 ) ) ^2_|_.^ + 2 ’ 72 


where 6 := k + I — {a — then there exists a suitably small 60 such that if 0 < S < Sq, the 

initial-houndary value problem (|1.3[) has a unique solution {v{t,x),u{t,x)) satisfying 


[v(t, x) — V{x — st a — P)^u{t, x) — U{x — st a — (3)) G C([0, + 00 ), iL^(M+)), 
Vx{t,x) - Vfx - st a - fi) G L^([0, + 00 ), iJ^(K+)), 

Ux{t, x) — U'{x — st a — fi) G L^([0, + 00 ), iJ^(IR+)), 


and 


< v{t,x) < C 2 ( 5 ”^® 

for some positive constant C 2 independent of 6 . Furthermore, it holds that 

lim sup I {v{t,x) — V{x — sta — f3),u(t,x) — U{x — st + a — j3))\\ = 0. 

Remark 2.1. Several remarks concerning Theorem 1.1 are listed below: 

• We affirm that the set of the parameters a > 0, k > 0, i > 0, and h > 0 satisfying the above 


(2.15) 

(2.16) 

(2.17) 


conditions is not empty. In fact, let I = 0, (2.141 is equivalent to 

a, 

iin|; 


0 < h < |a, 

a < K < min ■ 


7-1 


7-1 7-1 i 


4(72+37 — 2) ’ 72+7 + 2’ 72 


■a, 


(2.18) 


thus, the existence of a, k, h is easy to verify. 
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• It is easy to construct some initial perturbation (</)o(C) 5 '0o(C)) satisfying the conditions listed in 
Theorem I. In fact for each function {f {0^9(0 ^ with 


osc no 

Osc g'iO 


sup {no} 

CGM+ 


sup { 5 '( 0 } 


{/'«)} 


inf 

CGK+ 


{5'(e)}=A2>0, 


and for each a, (3 satisfying the conditions listed in Theorem I, if we set 

MO = s"-Mf (s-^-n), MO = s"-^9 > 

one can verify that such a {4>o{0>MO) satisfies all the conditions listed in Theorem I. 

For such chosen MiOnoiO)^ "we can construct the initial data (voiO^'^oiO) through (2.18) and 
noticing that 

MO = , MO = , 

we can get that 

Osc Osc ?/’o(0 = 


Thus from (2.18 1 and the fact that Osc V(0 = 3, Osc U{0 = which are assumed to be sufficiently 
small, one can deduce that 


Osc uo(C) ~ (5 2 Ai, Osc uo{0 ~ <5 = A 2 , 

which are sufficiently large for small S since the parameters a and k satisfies 0 < a < k. Conse¬ 
quently, the assumptions we imposed on the initial perturbations in Theorem 1 can indeed allow 
the oscillations of both the initial specific volume Vo{0 and the initial velocity Uo(^) to be large. 


Moreover, from the estimate (2.16) and the facts that 


1-7 


a — 


( 7 -b 1 )/ 


- K 


(k -b ^ > 0 


a — 


( 7 + 1 )^ 


— (k -|- Z) > < 0 


one can easily deduce that for each f > 0, Osc v{t, 0 can also be large for small <5. 

Unlike that of [3], we use the smallness of both 5 and u_ to control the possible growth of the 
solutions to the inflow problem (1.3) caused by both the nonlinearity of the equations (1.3 )i-( 1.3 )2 
and the inflow boundary condition ( 1 . 3 [ ) 3 . It is worth to pointing out that since our result holds for 
any 7 > 1 , it seems natural to ask 5, the strength of the viscous shock wave, to be small because for 


large 7 , the condition (1.10) imposed in [3] implies that 5 is sufficiently small. It would be of some 
interest to see whether similar stability result holds or not for a class of large initial perturbations 
satisfying similar conditions imposed in Theorem 1 but the strength of the viscous shock wave is 


only assumed to satisfy the condition ( 1 . 10 ) imposed in [5]. 


For the inflow problem to the full compressible Navier-Stokes equations, some nonlinear stability 
results with small initial perturbation are obtained in [UlIHlIIIlllllMl, we are convinced that some 
results similar to that of and this paper can also be obtained which can allow the initial density 
to have large oscillations. 


2.3 Main ideas used to deduce our main result 


To yield a global solvability result to the initial-boundary value problem (2.9), in addition to the 


difficulty on the possible growth of its solution ((/)(t, ^), ipitjO) induced by the nonlinearity of the equations 
( 2 . 9 )i-( 2 . 9 ) 2 , the another is how to control the boundary terms caused by the inflow boundary condition 


( 2 . 9 ) 3 . To outline our main ideas used in this manuscript, we first recall the main ideas used in [3] to 


overcome these two difficulties as in the following: 
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The first is to use the smallness of N{T) := sup ||((/),'(/')(t)||L“ to deal with the possible growth 

0<t<T 

of caused by the nonlinearity of the equations (2.9)i-(2.9)2- One of the key points 


in such an argument is that, based on the a priori assumption that N(T) is sufficiently small, one 
can deduce a uniform lower and upper positive bounds on the specific volume v(t,^) which plays 
an essential role in deducing the desired a priori estimates on 0 ); 

• As for the control of the boundary terms, there are two main ingredients in the analysis of [3] : The 
first is to introduce a parameter fi in the shift tr given by (2.6). It is motivated by m and the main 
observation is that if one chooses ^ > 0 sufficiently large such that (3 ^ |(t|, which is guaranteed by 
the smallness of the initial perturbation imposed in [3] , then some terms arising from the boundary 
terms can be controlled suitably, cf. Lemma 4.1 in [5]. The another is the introduction of a new 
variable ip = "fp — S-4> to control the term ip'^pt, 0 ) which was one of the main difficulties in the study 
of the nonlinear stability of viscous shock wave for the inflow problem (1.31 pointed out in [T7]. The 

observation in [3] is that when the energy method is applied to the new reformulated system, the 

_2 

first energy inequality does not contain the term ip (t, 0 ) provided that |s_| is small enough, which 
means that the estimates for the term ip^(t, 0 ) could be exactly bypassed and thus the desired a 
priori estimates can be obtained. 

Based on the above two points, the authors obtained the desired norm a priori energy type 

estimates on {(p{t,^),ip{t,^)) in in terms of the initial perturbation {(poiOiP^oiO) the factor 
which can be chosen as small as we wanted if one chooses /3 > 0 suitably large. From which the 
corresponding nonlinear stability result with small initial perturbation can be obtained by the standard 
continuation argument. 

But to deduce a global existence result to the initial-boundary value problem ( |2.9| ) with large data 
which can allow the initial density to have large oscillations, the argument used in [3] cannot be used any 
longer. Our main ideas to yield the desired nonlinear stability results are the following: 

• The first is on the way to use the parameter /? to control certain boundary terms. Our main 
observation is that, even though 6 , the strength of the viscous shock wave, is assumed to be small in 
our analysis, under the assumptions imposed in Theorem 1 on the initial perturbation {(po{^), V'o(f))i 
we can indeed prove that the shift a given by ( 2 . 6 ) satisfies |cr| < and consequently, if we choose 
/3 ~ o(i5“^), then the boundary terms can also be controlled suitably, cf. Lemma 3.2; 

• Unlike the analysis in [5] where the smallness of the iL^(K+)—norm of the initial perturbation is 


used to the possible growth of {(p(t,^),ip(t,^)) caused by the nonlinearity of the equations (2.9), 


we use the smallness of <5, the strength of the viscous shock wave, instead. The main difficulty lies 
in how to yield the uniform positive lower and upper bounds on the specific volume v{t,^). It is 
worth to emphasize that Kanel’s argument [7] plays an important role in this step and it was to 
guarantee that the whole analysis to be carried out smoothly that we need to ask the parameters 


l,a,h, and k to satisfy the conditions (2.14) in Theorem 1. 


3 The proof of our main result 

This section is devoted to proving our main result. To this end, for some positive constants 0 < 
T < - 1 - 00 , m and M, we first give the set of functions Xm,M{0,T) from which the solution to the 
initial-boundary value problem (2.9) is sought as follows: 




{(P,iP) G C([0,T];ij2); e G 

sup Uv + (p){t,^)\<M inf Uv + <p){t,o] >m 

[O.T]xK+ *' I0,T1 xR4- I J 


[0,T]xIk+ 

Our main result will be proved by combining the local existence result to the initial-boundary value 


problem (2.9) with some a priori estimates. For this purpose, we first consider the local existence result 


in the following subsection. 












An Inflow Problem for Compressible Viscous Gas with Large Density Oscillations 


11 


3.1 Local solvability result in Xm,M(0,T) 


The local-in-time existence of the solution ipit,^)) to the initial-boundary value problem (2.91 

in Xm,M(0,T) has been studied in [5], we thus cite the result there as in the following proposition: 

Proposition 3.1. Let V'o(C)) € il^(K+). If 

sup {V(0 + </>o(0} < M, inf {V(^) -t ^o(0} > w, 

{GR+ 

then there exists to > 0 depending only on m, M and ||((/)o,'!/'o )||2 such that the initial-boundary value 
problem (2.9) has a unique solution ^),'0(t,^)) £ Xm/2,2M{,0,to) satisfying 


\\{(l),fj){t)\\2 < 2||(<^o,^/’o)||2- 


(3.1) 


3.2 Certain a priori estimates 


Assume that the local solution {(l>(t,f),'if>{t,^)) obtained in the Proposition 3.1 has been extended to 
the time t = T > to > 0, in order to show that T = oo, we now turn to deduce certain energy type 
estimates on {(j){t,f^),'ijj{t,f)) £ for some positive constants m and M and consequently 


— < {s - s-)t + a - 13) + cl)^{t,f) < M, V(t,^) £ [0,T] x K+. 

m 

Without loss of generality, we can assume that m > 1 and M >1. 

Moreover we assume further that 

|(</.(t,C),V'(CO)| < n { t ), V(t,0 e [o,r] x k+. 

Firstly, we give some estimates on the shift a and the boundary terms. 

Lemma 3.1. Assume that the conditions listed in Theorem in 2.1, it holds that \a\ 
Proof: Noticing that ^ ^ 1, it is easy to see from Proposition 2.1 that 

POO POO c 

/ \v+— V{y-\-d)\dy < 5 I < — <1 

JO Jo 0 + 

holds for any d £ K, we thus get that 


(3.2) 


(3.3) 


h4 


<^C</'o(0)| 


{voif) -v{f + a- (3)) df + {yii + a - /3) - V(C - /3)) df, | 
— (s — S_) J (v{—{s — S-)T — P)—V-^dT 

{v{i +a-13)- v+) df + (v+ - - /3)) dC 


(3.4) 


„-c_|-(s-s_)r- 


^ld(—(s — s_)t) 


<^{|</>o(0)| + l}. 


Under the conditions listed in Theorem 1, it can be deduce from (3.4) that \a\ ^ d This completes 
the proof of Lemma 3.1. 

With the estimate on the shift a obtained in Lemma 3.1 in hand, we now turn to control the involving 
boundary terms suitably which is the main content of the next lemma 
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Lemma 3.2. Assume that {4>{t,C)i4’{tiC)) obtained in the Proposition 3.1 has been extend to the time 
step t = T and satisfies the conditions listed above, i.e. i4>it,^),fi{t,^)) € and the a priori 

assumption (3.3) is assumed to hold, then if fi > 0 is chosen sufficiently large such that fi > \a\, it holds 
for each 0 < t < T that 

[ \fiir,0)\dT <S~^e~‘'-<^, [ |<^ 4 (r,0)|dT < [ \ip^{T,0)\d 

Jo Jo Jo 


■T e 


[ l</'t('r,0)|dr < e f |(^t^(T, 0)|(ir < 5e f \'ipti{T,0)\dT < 5e 

Jo Jo Jo 


(3.5) 


Although c_ ~ S, if we choose /3 > 0 sufficiently large such that 6 ■ /3 = o then if 6, the strength 

of the viscous shock wave, is small enough, the estimates (3.5) tell us that the contributions of all these 
integrals involving the boundary terms can be as small as wanted. 

Proof; Firstly, noticing that c_ = 0(1)(5 and fi > |(t|, one can get from Proposition 2.1 that 


|(/)(t,0)| 


/ oo 

|H(—(s — s_)t + cr — /3) — |(ir 

/ OO 

g-c_((s-._)r+/3-,T)^.^ 


C- 

< g-c-((s-s-)t-(T+/3) 


Consequently, it holds 

Jo Jo 

where we have used \a\ ff, d~^. On the other hand, due to 

4>^(t, 0) = v{t,0) — V{—{s — S-)t + a — fi) = V- — V{—{s — S-)t + a — fi), 
0) = u{t, 0) — U{—{s — S-)t + a — fi) = U- — U{—{s — S-)t + a — fi), 

we can get from Proposition 2.1 that 


f |(/)j(r,0)|dr = f |t!_ — H(—(s — s_)r + cr —/3)|ciT 
Jo Jo 


Jo 


f |(;it 5 (T,0)|dT = (s - s_) / |F'(-(s - s_)r + CT -/3)|(iT 
Jo Jo 

< 5 ^ [ 

Jo 

Here again we have used the facts that s is independent of 6 , c_ = 0(1)(5, f3 > |cr|, and \a\ < (5“^. 
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Similarly, one can get that 

[ \i’iiT,0)\dT = f \u-— U{—{s — S-)t + a — l3)\dT 

Jo Jo 




f \tjjt^{T,0)\dT = {s - S-) f |C/'(-(s - s_)r + (T -/3)|dT 

Jo Jo 


<6^ g-c_|-(s-s_)r+a-/3|^^ 

Jo 


At last, by the equation 


(^t (t, 0) = s_ (r, 0) + V'c (t, 0), 


it yields 


l0t(T,O)|dr = 


S- 


f 0{(r,O)dr+ [ V'{(T,0)(ir 




JO Jo Jo 

This completes the proof of Lemma 3.2. 

The next result is concerned with the basic energy estimate, which is stated in the following lemma. 

Lemma 3.3. Let 0) V'(C C) satisfy the conditions listed in Lemma 3.2, then there exists a sufficiently 
small positive constant ci independent of S such that if 

N{t) < ei, |s_| < ei, 


it holds for each 0 < t < T, 


n oo 

fj^dfdr 

<||(0o,V'o)f+ <5-ie-^-^+iV(t)i f f "tfidfdT 

Jo Jr+ V 

+ {m'^'^'^Nlt) + mfSsf) f f (f'^d^dr. 


Proof; As in [3], let 


tp — S-(j), the problem (2.9) can be changed into 


{ (ft - 2s-(j)^ - 'i/'f = 0, ^ > 0, t > 0, 

V’t - {-p'{y) - S-) </'€ - = F-, c > 0, f > 0, 

(<^(o,OXo>'?)) = > 0, 

(j){t,0) = A{t),ip^{t,0) = A'{t), t>0, 


(3.6) 


(3.7) 


where 

F = -{p{V + cf,) - piV) - p'(V)<P0 - ^ 
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Multiplying (3.7li by cj) and (3.7)2 by {—p'{V) — st) then we have 

1 






2 2{p'{V) + sl) \2{p'{V) + sl) 


V’'- 




V{p'{V)+s^_) 


+ < - (pip - 


pipip^ 


V{p'{V) + sl) 


+ 


fJ- 

V{p'{V) + s?_) 

pip 


ipip^ 


pU^cp^ip 


pcp^ipip^^ 


(3.8) 


^ vV{p'{V) + st) vV{p'(y) + s'^) 
[p(y + - p{v) - p'{v)cp^]. 


{p'{V) + s?.) 

Since |s_| is small, v- < H(^) < u+ with v± independent of <5, p'{V) < 0, p"{V) > 0, 
dV (^ — {s — S-)t + a — j5) 


dt 


= -(s - s-)V'(^ - (s - s-)t + CT - /3) < 0, 


and noticing the fact that ip = ip — s-(p and \p'{y) + s?_| can be bounded by some positive constant 
independent of 5 from both below and above, which follows from the facts that both 5 and |s_| are 
assumed to be sufficiently small and v±, the far fields of H(^), are independent of 6, then integrating the 
above identity with respect to t and x over [0, t] x K+ yields 


iP^ 


2 2{p'{V) + si) 


d^- 


f j 

JQ JlR+ Y 

v{sl +P'{V)) 


< 




S-(p^ + <pip + 


pipl 


V{p'{V) + sl)^ 
(r, 0)dr 


d^dr 


h 


pcp^ipip^^ 


0 Jr+ vVpp'py) + si) 


d^dr 


+ 


psl(pl 


0 V{p'{V) + sl) 


d^dr 


(3.9) 


f [ O’ {piy + <Pd - piv) - p'iy)h)) 

Jo Jr+ 


h 


V{p'{V)+sl) 


ipip^ 


pU^cp^ip 


vV[p'{y) + sl) 


d^dr 


h 


Now we deal with Ij{j = 1,2, 3,4) term by term. To this end, noticing first that = \\ip — 

S-(P\\l°° can get from Lemma 3.2 that 


V{sl +p'iV)) 


Ii<N{t) (^\s.cp\ + \cp\ 

^^(0 J {\(p\ + \'4’e\){r,0)dT 

l2<N{t)^ [ [ '^d^dT + N{t)^m [ [ 
Jo Jo ^ Jo Jo 


(t, 0)dT 


(3.10) 


■<50 
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On the other hand, due to 

\p{v)-p{V)-p'{V)^^\=cl>l f f + (1 - 

Jo Jo 

< (u-^-2 + V-T'-2) 


(3.11) 


one can deduce from (3.2) again that 

pt /*00 


h < 


pt poo pt poo 

ip'^d^dT < N / / ip’^d^dr 

Jo Jo Jo Jo 


and 


h 5, 


n oo pt p 

IVtl-ip d^dr + S / 

Jo Jo 




0 Jo V{pjV) + sl) 


d^dr + SmJ 


(jJid^dT. 


By choosing ry > 0 small enough, we can get by inserting the above estimates on Ij{j = 1,2, 3,4) into 
(|3.9|) that 


pt poo 


n oo ^2 

^d^di 

V 

n oo 

(jJ^^d^dr. 


(3.12) 


Recall that ip = — s-p, it is easy to get the estimate (3.6) from (3.12). This completes the proof of 

Lemma 3.3. 

Now we turn to deduce the higher order energy estimates on {p(t, P^),ip{t, ^)). To this end, we can get 
first that 

Lemma 3.4. Under the same assumptions listed in Lemma 3.2, it holds for each 0 < t < T that 

rt roo ^2 


< 




^d^dr 

V 


2 pz pc 

it) + 

Jo Jo 

n oo 

p^d^dr. 


(3.13) 


Proof; Differentiating (2.9 )i-( 2.9)2 with respect to ^ once yields 


Pit - s-p^^ - V'ii = 0, ^ > 0, t > 0, 

P^t-s-p^^ + {p{v)-p{V))^- ^>0, t > 0. 


(3.14) 


Multiplying (3.14)i by (p(V) — p{v)) and (3.14)2 by p^, it holds that 


where 


+y) + + ipi^) - piy))^^( - 1 ^ 

= - Vt{piv)-p{V) - p'{V)P^), 


^(v,V) = p(y){v — V) — f p{p)dp. 

Jv 


V 


p^ 


(3.15) 
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Integrating the above identity with respect to t and x over [0,t] x IR+ yields 

pt pOO nl,2 




< 


/r / / —^d^dr 

0 Jo V 

t 


/ ( - 




h 


(3.16) 


0 ^0 


vV 


d^dr 


n oo 

Vt {p{V + (/.j) - p{V) - p'{V)<^^)d^di 


h 


h 


To bound Ij{j = 5, 6, 7) term by term, noticing first that 

p'^=^t-S-^^ + {p{v)-p{V))+p^^, 


we have 


+ (p(u) - 


and consequently 


a 


-s 

V 




=V’V^5(t,0)-■!/>■!/'«(0,0) - / lljtjjtiiT,0)dT - S- f ijj1{T,0)dT. 

Jo Jo 

Thus we can get from Lemma 3.2 that 


h = 


S- 

T 


V’|(T, 0 )dr-'i/'(i, 0 )V'{(i, 0 ) + ^/>(0,0)V^5(0,0)+ / (V’V^t^) (r, 0 )dr 


/fi < 


< {6 + N{t))e-^-^ 

t poo „/,2 pt poo 


(3.17) 


pi poo pi pOO 

/ / -^d^dr + S'^m / / (jJ^d^dr, 

Jo Jo ^ Jo Jo 

n oo 

(jJ^d^dr. 

Inserting the above estimates into (3.16), we can get (3.13) immediately. This completes the proof of 
Lemma 3.4. 

Combing the estimates obtained in Lemma 3.3 and Lemma 3.4, it holds 
(<(., {t)f + d^dr 

(</'o,V'o, \/^,V' 05 ) + {{N{t)+5'^)'m?+'^+ si) J J (j)ld£,dT. 

Now, we should deal with the term (fJ^d^dr. To this end, due to 
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we can get by multiplying the above equation by 4 >^ and by noticing < 0 that 


+ '0| - Ai —05 


= - ip{V + - p(V))(/){ - n 


M 

vV 


> - {p{v + (!>() -p(v))(/){ 

'Jo ^ 05 ^ 


(3.19) 


Integrating the above inequality with respect to t and x over [0,t] x K+, we get 




J J 05 C^^t^'r <11005(^)11 + I|■0o0o5ll + J (^0(s-05 + 05)^ (r, 0 )dT 

n OO nt pOO ,^2 

0|(i^dr + TO / / —^d^dr. 

Jo Jo ^ 


>0 Jo 

Thus we finally get from (3.18), (3.20), and Lemma 3.2 that 

pt pOO 


(3.20) 


pi pOO 

/ / (fild^dr 

Jo Jo 

+ ll0o||||0O5ll+ 6 "''"'^) +mM'^+^y J d^dr 

(00,00, \/^, 005 ) 


10 Jo 

<MT'+i 




(3.21) 


n oo 

4>ld^dT. 

If N{t), |s_| and 5 are chosen sufficiently small such that 

{N{t) + < €2, < £2 


hold for some sufficiently small positive constant £2 > 0 independent <5, then we can deduce from (3.21) 
that 


J J 05 dCrfT < (^ (00,00,0^,005) 


+ (5 


Inserting the above estimate into (3.18), we can get the following result 

Lemma 3.5. Under the assumptions listed in Lemma 3.2, there exists a sufficiently small positive con¬ 
stant £2 independent of S such that if 


{N{t) + S^) < £ 2 , < £ 2 , 

then it holds for each 0 < t <T that 

2 


and 


y y (fld^dr < ( 0 o, 0 o, \/^, 005) 

( 0 ,0, v0h, tpjj (t) + J J ^05 + ^ j 

(00,00, 0 ^, 005 ) 


(3.22) 

(3.23) 


(3.24) 
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t OO (t>^ 

Now we pay attention to the term -^d^dr. To this end, we set v := y, then <i)(r;, V) can be 

rewritten as 

$(v) = V-1+(^y-T'+i - 1) . (3.25) 


Moreover, due to 


_Yi 

V V 


S-V^ + S-V( + 


VA fu^ 


V 


V V 


V 

h'] _ EAk\ 

~ ^ \v vV J, 


we can rewrite {2.9)2 as 






(3.26) 


Based on (3.261, we can deduce the following result 

Lemma 3.6. Under the same assumptions listed in Lemma 3.5, it holds for each 0 <t <T that 

2 




t rOO 


0 JO 


< 


-^,(t>o, l/'O) "s/^) V'oc 
Vo 


1/7u7+2 
2 


d^dr 




I (I) 


(3.27) 


and 


f f <M'^+i f [ 

Jo Jo V Jq Jq 

<M^+i 


t roo 7^ 


1/7^7+2 


dfdr + S^m 


0 Jo 


(j>^df,di 


^,^0,-00, \/^,'004^ +S '=-^ + s_y (T,0)dr^ . 


(3.28) 


Proof; Multiplying the equation (3.26) by we get 


HI) 


7u| 


t/7u7+2 




V V vV 


V vV V V 

Integrating the above identity with respect to t and ^ over [0,t] x K_|_, we can obtain 


(3.29) 




+ 


t rO° ryy"^ 


0 Jo 


]/7v7+2 


dfdr 


< 


vpi 

Vo 


n oo ,a2 

— dfdr 

V 


+ 


ct r /- \ 2 

U v^ 




vi , Hs? 


vV 


(r, 0)fiT 




0 Jo 




dfdr ' 


h 

nt poo 


[ [ '^{p{y) - p{v))^d£,dT 

Jo Jo y V 


ho 


(3.30) 
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As to the estimates on Ij{j = 8, 9,10), we first bound Ig and Iig from (3.2) as follows 


n oo 


din 5, 


' I r + L l ^ 


<- 

^2 


10 Jo 

I f°° 7u| 


r‘ /■°° yV/ 
lo Jo 

pt pOO 

S4: I I -7-2^2^ 


For Ig, since = </)( — we have 

Vi I , V'C?'0? Ui(l)iipi 


s-^ipi + 

V V 


vV 


~ \ V vvj^^ V vV 

= ^ J’ii'iPi UjhJ’i 

\ V V J vV V vV 


V vV 

therefore, from Lemma 3.2, /g can be controlled by 


vV 


h <|s- 


< 


s_ 


i (?) + 

J (r, 0)dr + <5^e 




(t, 0)dr 


+ 


vV 


(r, 0)dT 


Putting these estimates on Ij{j = 8,9,10) into (3.30), we have 


< 


V 

voi 


it) 


t rOO ry':^ 

V7^7+2 


d^dr 


0 Jo 


Vo 


n oo 

-^d^di 

V 

(fld^dr + |s_| 


pt poo 

+ 5'‘m''+2 I I -^2 


0 ^0 




voi 

2 

+ 

Vo 



(</'o,V'o, V^,'0oc) +<5 °-'^ + |s_| j (t, 

+ (I (00, V'o, ^/^, 0O«) 


< 


Noticing < £ 2 , we can further obtain that 

2 


0)dT 




(t) 


t /.oo 


^d^dr 


< 


^,00,00, \/^,0O5 

Vo 


0 JO 

\ ^ 

+ (5-^e-^-P + |s_ 


2 ft 

-l„-c 


L (?) 


Due to 


_ Vjh 

V vV ’ 


(3.31) 


(3.32) 


(3.33) 


(3.34) 


(3.35) 


V 


(3.36) 
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thus 


t poo ^2 

9^^ 


d^dr < 


0 Jo 


t poo / V^dyi 


'Li7x;2 yY^ 


d^dr 


0 Jo 


<MT'+i 


t poo 7r2 


]/7i;7+2 


(3.37) 


d^dr + 5^m 


0 Jo 


0 Jo 




Combing this result with (3.23) and (3.35), one can easily get the estimate (3.27). This completes the 
proof of Lemma 3.6. 

So far, the only thing left is to control the boundary term 0)dr. For this purpose, we can 

get by recalling the equation (3.36) that 

L (I) (^) -"i (^) 

^ ^|^(T,0)dr+-^^ (^2^(r,0)dT + ^ (^) 


s_v. 


JO 


< 


< 


V'|^(T,0)dr+(/.2^(T,0)dT + ^ (^) 
C5^e-’^-d 


JO 




dr 


+ (5^e 


■4„—c_/ 


< 


M 


' / 

S- Jo 


V'?? 


/V 


i^) 




/V 


i^) 


dr - 


s_ 

^3g-c-/3 


Therefore for some A > 0 to be chosen later, one has 

2 


V 




+ 


t poo 


jd^dr 


0 Jo 


< 


-^, 4 >o, i’o, ’v/^, V'05 
Vo 

t 


t/7ti7+2 
2 

+ (5-^6-^-^ 


M 

S- 




(v) 


V'??? 




< 


^><(>05 V'O) \/^j V'o? 
Vo 


+ 


M r 

As?, io 




dr ■ 

+ d~^e 

rt 


C5^e-‘^-P 


(3.39) 


dr + MX 


/o 






("t) 


dr. 


which means that the estimate on the boundary term (S-) (r, 0)dr can be reduced to the estimate on 


rt / \ 2 / 

stimate on tne oounaary term j 

the term f* || ’^^(r)|p(ir, which is the main content of the next lemma. 

Lemma 3.7. Under the same assumptions listed in Lemma 3.5, it holds for each 0 <t <T that 


m sup 



(3.40) 


+ S ^e 








































































An Inflow Problem for Compressible Viscous Gas with Large Density Oscillations 


21 


Proof; Differentiating (3.14)2 with respect to ^ twice, it holds 


+ {p{v) - p(y))^^ - fi 


then multiplying the above identity by we have 






U^_U^ 
V V 






+ ^ + b(^) - M ^ M ^ 


=(p(u) - p(V))^'(/'«« - 


(??■), 




Integrating the above equation with respect to t and ^ over [0,t] x IR_, we get 

pt pOO rjj ,2 


Jo Jo ^ 


< 


iiV'o^ir 


Jo V'ecj (aO)* 


hi 


/'f .(PM-P(r))?«.f +/‘f 


h2 


hs 


Il4 


Now we deal with Ij{j = 11,12,13,14) term by term. To do so, since 

“ ^ ^ JJr) ^ ^ ^ ^ 

= - s-^ “ Kiev's* 


and noticing that 


we can thus bound I 
hi < 
< 


< 


< 


htiit, 0) = (s - s_)C/'(-(s - S-)t + a- /3), 
11 from Lemma 3.2 and Proposition 2.1 as follows 


Y j ^l«('^’ 0 )dr + 

[ (V'«cV't«)('r, 0 )dT 
'0 




+ 

[ (V’l^V'tc) (t, 0 )dr 
^0 
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[ 'J’tdT, 0 )dT 

Jo 

pt pOO 

s_ / 

Jo Jo 

- +( 5 ^ / 0 )dT -\- 6 e 

Jo 

-c_/3 


(|s_|+(52) / f (|s_| +< 52 ) f f ti^d^dr + Se-^-h 

Jo Jo V Jo Jo V 


On the other hand, since 


{(p(^^) -p(^))a^ = + {p'{v)-p'{v))v^r 

= {{p + p"{dv + (1 - e)v))v^(j)^}'^ 

< Cp'ivf^^ +p'j0v + (1 - e)v)rvi4 

< U-2T'-2<),2^ + i;-27-4y^2^2^ 


(3.41) 


(3.42) 


(3.43) 
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we can thus control I 12 , I 13 , and J 14 from (3.23) as 

nt nOO J.2 


h2 


'13 


pt poo pt poo 

/ / + m2'>'+3j4 / / cjild^dT 

Jo Jo Jo Jo 

<m^^y J ^d^dr + ^ (<^o,'/’o, \/^, V'oc) 

n oo ^2 00 a 2 pt poo 

-^d^a —^d^dr + m^d® / / (/)|d^dr (3.44) 

^ V Jo Jo 

sup |||'h( f f (j)^d^dT 

TGfO.il *■ Jo Jo 





>0 JO 


^d^dr, 

V 


and 


Il 4 < 


< 


J’h i^h + ^i) 


0 Jo 


.m sup 

TG[0,i] 

<TO sup 
TG[0,i] 




d^dr 

t poo -02 


0 JO 


^d^dT 

V 


(3.45) 


(<(>0, V'O, \/^, '00?) 


+ d 


Inserting these estimates into (3.42), we finally arrive at 

pt poo 02 


pi poo 

ll0??Wf + / / —d^dr 

Jo Jo ^ 

/ / + (00,00, \/^, 00?) 
(00,00, \/^, 00?) 


^Il0o??f 


d-^e-^-^ 


(3.46) 


+ m sup 

TG[0,i] 


^(r) 


+ d-^e 




Recalling that 5^ 1 and (3.28), one can thus get the estimate ( |3.40[ ) immediately and 

the proof of Lemma 3.7 is complete. 


Setting 

Hit) := 

we get by combing (3.36) and (|3.24|) together that 


^0) 

V 


t poo 


0 JO 


t/7^7+2 


d^dr, 


(3.47) 


0 ?? 


(0 


< M 


u? 


0 ) 


■™<^'‘II0?0)II' 


< MH{t) + mh'P+H^ (^1 (00,00, V^o, 00?) If + , 


(3.48) 


from which and the estimate (3.40), one can get that 
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d^dT<Uoiif+m^"^M''^+^Hit). 


(3.49) 
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Combining (3.24), (3.48), and (3.49) with (3.39), we see that 
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H{t) 
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Vo 
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aZ 
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{(t>0,i’0, x/ZZo?) 


+ 5-^e 




,^27^7+l^(i) 
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Vo 
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(</>o,V'o, \/Z, Ze) 


■ AM ||V’o5?f + 


Having obtained (3.50), if we let A ~ N{t )2 and assume further that 

N(t)^rn^'^M'^+‘^ < 1, 

we can obtain that 


H{t) 


< 


vo^ I 
— ,Voii 
Vo 


M 

aZ 


(</'oZo, x/ZZoi) 


+ S-^e 




From the above estimate, we can get that 

Lemma 3.8. Under the same assumptions listed in Lemma 3.5, if we assume further that 

( N{t)m'^^M^^+^ < 1, 

|m (^||((/)o,'0o,v^Zo^)f+ <N{t)h^_ 

then it holds for each 0 < t < T that 

2 


H{t)< 


Vo 


In summary, what we have obtained up to now is that if 

'V(t)m2^M2')'+4 < 1,, 
j2^7+3m7+1 < 1, 
s?_toM3'+i ^ 2^^ 

A/(iKZZo, V5^^Zoc)f <N{t)hf 


then it holds for each 0 < t < T that 


(^, if, vZ, z) (t) + 


+ didr < 

V / 


(ZZo, Z«) 


^(t) 

V 


t rO° ryy"^ 


0 JO 


t/7^;7+2 


d£,dT 
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^Zo??ZoZo, yZZo? 


^^0 




-l-c-t 


Having obtained ( |3.56 ), we now turn to deduce the desired uniform positive lower and upper 
on v{t,x) in terms of the initial perturbation. In fact from (3.56), we can get by employing Y. 
argument [7] as in [5] that 


(3.50) 

(3.51) 

(3.52) 

(3.53) 

(3.54) 

(3.55) 

(3.56) 

bounds 

Kanel’s 
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Lemma 3.9. Under the assumption ^3. 55), we can get that 


< v{t,0 < CBl y{t,0 e [0,T] X K+. 


Here 


(3.57) 


Bo ■■= 




1^0 


5-^e-<^- 


Moreover, as a direct consequence of (3.56) and (3.57)^ we can deduce that 

rt 


+ / \\hdr)fdr<C{\\icl^o,i^o)h,S-^e-^-f^), 


fO 






r) 


dT<C (||((()o,'i/'o)|l 2 . 


Here C'(||((()o,V'o)ll2>'^ is some positive constant depending only on ||((/)o,'0o)ll2 ^ 

3.3 The proof of our main result 

With the above preparations in hand, we now turn to prove Theorem 1. Noticing that 

^o(a::) < (|H(0,x)|"'^"^ + |r(0, (j)l 
we first deduce from the assumptions (Hi)-(H3) that 

V^||<(l + <5-^)ll</>o.||, 

<^-'(ll<Ao..||+^"ll<(>ox||). 




(3.58) 


Vo 

Hence, if we ask /3 = o(<5“^) and noticing that c_ = 0(1)5, one can deduce that 

^-lg-c_/3 ^ j2a-(7+l)/ 

provided that 5 > 0 satisfies 0 < 5 < 5i holds for some sufficiently small 5i > 0. 
Consequently 


(3.59) 


(0o,V'o, \/^,V’oc) +5 < 5' 




V'056 ^ 

Vo 


Now we prove Theorem 1 by exploiting the continuation argument. Applying Proposition 3.1 


(3.60) 


we can 


find a positive constant to, which only depends on 6 and ||(<(>oj V'o)||2 such that the problem (2.9| admits 
a unique solution {(j){t,^),ijj{t,0) G ^moMoi^^'^o) with 

mo = 2-Wo^S^, Mo = 2Co (l + , 

and we have from Sobolev’s inequality that for each 0 < t < to 

sup |||((?i','0)(t)||L“| < \\{(t),'ilj){t)\\i < C\\{(j)o,ipo)\\i < 05°^. 

[o.to] J 


Thus we can take N{to) = Cb°". 
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If 

« 1 , 

s'^rriQ ^«C 1, 

-^0 (|| ('/'Oi V'o?) 

which is equivalent to ask that 


6 < V(to)2s^ 



ga-{6y+4)l ^ 

^ 2 - 2 ( 7 + 2 )/ < 

S2h-i^+2)l ^ 

^ 2 a —( 7 + 1 )/ — 2 /i ^ ^—2k. — 21 


(3.61) 


then we can deduce that the estimates obtained in Lemma 3.2-lemma 3.8 hold with 0 < t < to, m = ^ 

and M = Mq. Thus from the result of Lemma 3.10, it yields that 


1-1/ 




(3.62) 


holds for each 0 < f < fo and 


(^cj),il},V^,ip^'j (t) 


< 6 ° 




and 

II(<(>> 1 /’)(Oil 2 + / (ll<(>4('r)||? + ||i/>5(t)||^) dr < C(||(())o,Oo)|l2 :<5) 

Jo 

hold for each 0 < t < tQ. 

Note that if the parameters I, h, a, and k satisfy 


(3.63) 

(3.64) 


(3.65) 


then there exists a sufficiently small 0 < ^2 < <^1 such that for all S S (0,(52]) ( |3.6I[ ) hold. 

Next if we take ((/'(ti, 0, V'(^i) 0) as the initial data, we can deduce by employing Proposition |3.I| again 
that the unique local solution constructed above can be extended to the time internal 

[to, to + <i] and satisfies 


sup 1 ||((/),V')(0IU“ f < max{V(to),2||((/),V')(7)||i} < <^4^“ = 

[ 0 ,to+ti] 


and 

^ < vit,0 < 2Mi, V(t,0 e [0,ti +t2] X M+ 

with 

m, := 2-1C3-MA{“-^-(«+0}, 

Ml := 


Thus we can take N{to -I- ti) = 04(5“ ^ 


and if we assume that 




N{to + ti)m-'^^M^^+^ ^1, 

< I, 

«C I, 
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that is 

^2(a-<4Li)_2(«+Z-(a-(2^)) ^ ^ 1 („_ )+2;i-2«-2i ^ 

which hold for all <5 G (0, ^ 3 ] for some sufficiently small constant 0 < <53 < (5i provided that 


n < < _Ini_ 

^ ^ ^ 4(72+37-2) 

0 < 6» < 


(‘ 


_ (7+1)A 


f 5 


+2+7+2’ 

0 < 6» < 


(3.66) 


0<h<|(a-^), 


where 


:= K + I — { a — 


(7 + 1); 


then the assumptions fisted in Lemma 3.3-Lemma 3.8 hold with to < t < to +ti, m = rrii ^ and M = Mi 
and consequently the estimates (3.55), (3.56) and (3.57) obtained in Lemma 3.2-Lemma 3.8 hold for each 


0 < t < to+ti- If we take (^!>(to+^i)C)) V’(^o + ii:'?)) as the initial data and employ Proposition 3.1 again, 
we can then extend the above solution {(j){to -\- ti,^),il>{t,^)) to the time step t = to + 2ti. Repeating 
the above procedure, we thus extend {(l>{t,^),'ip{t,^)) step by step to the unique global solution and the 
estimates (3.55), (3.56) and (3.57) hold for each t > 0 provided that the conditions (Hi)-(H 3 ) are assumed 
to be hold, the initial perturbation {(j)oiO^'^o{0) satisfies (2.13) with the parameters a,K and I satisfy 
(3.65)-(3.66), and 6 satisfies 0 < ^ < (5o := min{i 2 ,<J 3 }- Noticing that (3.65) and ( |3.66 ) are nothing but 
the assumption (2.14) imposed in Theorem 1, we thus complete the proof of Theorem 1. 
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